ty and Differentiability

1. Let f: D - Rbea function, where D is an open interval in R and let ¢ € D.
(i) f is said to be continuous at x = cif ml_i)rg_ [f(z)] = ml_if?_ f(z) = f(e).

(ii) f is said to be right continuous at x = c (or continuous from right at z = ¢) if
Jim [£(@)] = f(e).
(iii) f is said to be left continuous at = ¢ (or continuous from left at z = ¢) if

lim_[f(2)] = f(e).

2. fis said to be discontinuous at z = ¢ if it is-not continuous at z = c.

3. Let f : D — R be a function, where D & R. Then,
(i) f is said to be continuous on an open interval (a, b)
the interval (a,b), i.e., if for every ¢ € (a,b), we have Il_i_)xa [f(=@)] =
continuous on a closed interval la, b] if f is continuous at every

if f is continuous at every point of
Jim (f (x)) = flo)-
(ii) f is said to be point of the
interval [a, b], i.e., if '
(a) f is continuous at every point of the open interval (a, b).
(b) f is right continuous at = = d, ie., 13)13_‘_[1' (2)] = f(a).-
i ) " ¢ at every point of the real line.




EXETEY

- " i P 5
' ? s

1. Some important rules of*ﬂifferentiaiion are: _
2. o O Yy anriRt g o
@ _'(N ) = 0, where N is a a constant. g

% (tan F) = sec? F% (F).

d , o d

o (cot F) = — cosec FE (F).
a d

iz (sec F') = sec F' tan F’ = (F).

d d
= (cosec F) = —cosec F' cot F’ = ().
(l-lere, F is a function of x and a: is in radians.)
(vii) — (smN = NsmN s (sm F).

("“s" F) Neost-1p L o (cos F).
2 Yianl P e |
da:( F) = N tan Edm(th)._
- e e ol
e tN — N-1p %
dz (cot™ F) = Ncot"~1 F -, (cot F).

L N N




d d
N Y (L) ([
=( ) 7k 2()F1\)(2 i) " (Quotient Rule)

d F is a function of x.

d Fa | _ i

4 [log (F1) ] = [P log F].
3 _d [log Fy
o [logp, (F1)] = dz [log Fz]'
d log FFl — ——d-——

:i?p_ [e ] o dax (F).

(Here, F, F5, I are functions of x.)
2. If z and y are connected by an expression of the form f(z,y) = 0, then we say that y is defined
implicitly in terms of x. y is called implicit function of x.
3. If 2 and y are two functions in a single variable 0, say y = f(0) and z = g(#), then the functions
x and y are called parametric functions and 0 is called the parameter.

4. For a function in the parametric form, say y = f(0), © = g(#), we have

(dy)
i
dy _ \dd provided d_: =0

dr ~ [(dz\’
(o)
5. We have the following formulae for the derivatives of inverse trigonometric functions in their
respective domains: :

o % (sin~1A) = —ﬁ % 4
(i) % (cos™tA) = ——ﬁ d% (A)
i) o (tan14) = e = (4)
v (cot~14) = —ﬁ 2 (@

IR R

) dg_r:_ (sec_er) =

ava—1 &




1. If a function f(x) is differentiable, then its derivative f’(z) is known as the first order derivative
of f. If the function f’(x) is again differentiable, then its derivative f”(z) is known as the second
order derivative of f.

2. If x and y are two functions in a single variable 6, say y =
x and y are called parametric functions and 6 is called the parameter.

f(9) and z = g(8), then the functions

3. For a function in the parametric form, say y = f(0), z = g(0), we have

,_ (@)
( -d:z:z da( (

| y dzx
[provlded 20 - 0]

Applications of Derivatives — I

(I) Rate of Change of Quantities
Ay

1. Average rate of change of y w.r.t. 2 = R’
T

dy

2. Instantaneous rate of change of y w.r.t. z — o
T

d . d

3. (_y) is the value of & at r = x¢ and it represents the rate of change of y w.r.t. z atz = z
dz J ... dx

4. Marginal Cost (MC): It is the rate of change of total cost (C') w.r.t. the number of units (z)

acC
duced, MC = —
produced, i.e., MC = iz

5. Marginal Revenue (MR): It is the rate of change of total revenue (R) w.r.t. the number of units

dR
(x) sold, i.e., MR = e

(I) Approximations

6. Ay = ( d:z:) Az approxmately
- 7. Absolute error in z = Az = Approx&mat; changema;i




Matrices

1. A matrix (plural matrices) is an ordered rectangular array (i.e., arrangement or display)

of numberg
or functions.

2. The elements of a matrix are always enclosed in bracket [ ] or parenthesis ( ).

3. The numbers Or functions in a matrix are called elements or entries of the matrix.

4. A horizontal line of elements is called row of the matrix and a vertical line of elements is calleq
column of the matrix.

5. A matrix having m rows and n columns is called a matrix of order m x n or simply m x n matrix
(read as m by n matrix).

6. The element a;; is in the ™ row and j™ column, and it is called (i, j)" element.
7. A matrix whose all elements are zero is called a null matrix or zero matrix. It is denoted by O.
8. A matrix is said to be a row matrix if it has only one row. |
9. A matrix is said to be a column matrix if it has only one column.
10. A matrix is said to be a square matrix if it has same number of rows and columns.
11. The elements a1, as2, - . ., any are called diagonal elements.
12. A square matrix A = [a;j]nxn is called diagonal matrix if all the non-diagonal elements are zero,
i, if ai; = 0 fori # j. bault
13. A diagonal matrix of order n with diagonal elements dy, ..., dy, 18 denoted by diag [dy, . . -, dn)-
14. A square matrix A = [a;;]nxn is called scalar matrix if all the non-diagonal elements are zero and
the diagonal elements are equal. - .
15. A square matrix A = [ay;]nxn is called identity matrix or unit matrix if all the non-diagonal
elements are zero and diagonal elements are unity. The identity matrix of order 7 is denoted
by L.
16. Two matrices A = ai;] and B = [b;;] are said to be equal if
(i) Aand B have same order, and
(ii) aij = bi; forall i and j.
17. A+ B is a matrix obtained by adding the corresponding elements of matrices A and B.
18. Properties of matrix addition:

(i) Matrix addition is commutative: If A and B are two matrices of same order, then
A+B=B+A.



19.
20.
21.

22.

23.

25.

26.

27.

(i) Matrix addition is associative: If A, B and ' are three matrices of same order, then
A+(B+C)=(A+B)+cC.
(iii) Existence of Additive Identity: The null matrix O is the additive identity for matrix addition,
ie., /1 1 0 (@) } /\ /‘.

(iv) Existence of Additive Inverse: For every matrix A

—~A = [—aij] suchthat A + (=A) = O = (—A) + A. The matrix — A is called the additive

[H,.,l. there exists a unique matrix
inverse of the matrix A.

A — B is a matrix obtained by subtracting elements of B from the corresponding elements of A.
kA is a matrix obtained by multiplying each element of A by scalar k.
Properties of scalar multiplication:

G) k(A+ B) = kA + kB (i) (k+1)A=kA+1A

Let A = [aij],,,,, and B = [bjx]
Aand B as AB = [ci]

—_— be two matrices, then we define multiplication of matrices
mxps Where c;y is obtained by first taking the element-wise products of
elements of ™ row of A and k™ column of B, and then adding such products.

The product AB is defined only if the number of columns of A and number of rows of B are same.

In the product AB, the matrix A is called pre-multiplier matrix and the matrix B is called
post-multiplier matrix.

Properties of matrix multiplication:

(i) Matrix multiplication is associative: For any three matrices A, B and C, we have
(AB)C = A(BC)
whenever both sides of above equality are defined.

(ii) Matrix multiplication is distributive over matrix addition: For any three matrices A, B and
C, we have A(B+ C) = AB+ AC and (A + B)C = AC + BC, whenever both sides of
above equalities are defined. : i

(iii) Existence of multiplicative identity: For every square matrix A, there exists an identity matrix
of same order such that A = Al = A.

(iv) Matrix multiplication is not commutative in general: For any two matrices A and B, if both
the products AB and BA are defined, it is not necessary that AB = BA (i.e., Commutativity
may hold in some cases and may not hold in some other cases).

(v) Zero matrix as the product of two non-zero matrices: If the product of two matrices is a zero
matrix, then it is not necessary that one of the matrices is a zero matrix.

Transpose of matrix A is the matrix obtained by interchanging the rows and columns of A. Itis
also denoted by A” or A’,

Properties of transpose of matrices:
(i) For any matrix A, we have (A")" = A,
(ii) For any matrix A and scalar k, we have (kA)T = kAT,
(iii) For any two matrices A and B of same order, we have ‘
(@) (A+ B)T = AT 4 BT, (b) (A-B)T = AT — BT,

(iv) For any two matrices A and B for which AB is defined, we have (AB)T = BT AT,




28. - A square matrix A is said to be symmetric matrix, if AT = 4,

29. A square matrix A is said to be skew symmetric matrix, if AT = —A.
30. Principle of mathematical induction: Let P(n) be a statement involving natural number 7 such
that

(1) P(1) is true, and
(i) P(k) is true implies P(k + 1) is true.
Then, P(n) is true for all natural numbers 7.
31. The six elementary transformations on a matrix are:
(i) Interchange of any two rows, R; & R;.
(ii) Multiplication of all elements of any row by a non-zero scalar, R; — kR;.
(iii) Addition to the elements of any row, the corresponding elements of any other row multiplied
by a non-zero scalar, R; — R; + kR;.
(iv) Interchange of any two columns, C; ++ Cj.
(v) Multiplication of all the elements of any column by a non-zero scalar, C; — kC;.
(vi) Addition to the elements of any column, the corrésponding elements of ariy other column
multiplied by a non-zero scalar, C; = C; + kC;.

32. Let A be a square matrix of order n. If there exists a square matrix B of same order n such that
AB = BA = I,,, then we say that A is invertible. The matrix B is called inverse matrix of A and
is denoted by A1,

33. Uniqueness of inverse: Inverse of a square matrix, if it exists, is unique.

34. We can use either elementary row transformations or elementary column transformations to find
the inverse, but both cannot be used simultaneously.

35. Let A = PQ), then
(i) The effect of any elementary row operation on A is same as applying this elementary row
operation on P (i.e., pre-multiplier) and keeping Q unchanged.
(i) The effect of any elementary column operation on A is same as applying this elementary
column operation on () (i.e., post-multiplier) and keeping P unchanged.




. Determinants
Let A be any square matrix. We can associate a unique expression or number with this square

matrix called dererminant of A. It is denoted by det A or | A|.
Let A = [a;;] be a square matrix. The Minor M,; of an element a;; of A is the determinant of the

matrix obtained by deleting 7" row and ;" column of A.

Minor of an element of a square matrix of order n (2 > 2) is a determinant of order (n — 1).

The Cofacror A;; of an element a;; of a square matrix A = [aij] is defined as A;; = (—1)* I M;;
|A| = Sum of product of elements (of any row or column) with their corresponding cofactors.

If elements of a row (or column) are multiplied with cofactors of any other row (or column), then

their sum is zero.
For any square matrix A of order n, we have
@Gi) |kA| = k™| A

@ | A=Al



8. For any two square matrices A and B of same order, we haye |AB| = |A||B|.

9, For any invertible square matrix A of order n, we have |A-1| = | 1 |
3 e

10. A square matrix A is said to be singular, if |A| =,
11. Let Az, ): B(xa,y2) and C(z3,y3) be any three points in the X Y-plane. Consider the

following determinant,
#1 % 1l
o [
A=glez y2 1= glei(y2 - us) - (w2 — 3) + (@233 — 73y2)]-
z3 ys -1
Then,

(i) Area of triangle with vertices A, B and C' = |A| sq. units.

(i) Points A, B and C are said to be collinear, if A = 0. (It is called condition of collinearity of

three points.)
, ' o Y1
12. Equation of line passing through A(x1,;) and B(zs,y2) is given by [z1 31 1| =0.
T2 Y2 1

13. Let A = [a;;] be a square matrix of order n. Then, we define adjoint of A as adj A = (4,17,
where A;; denotes the cofactor of a;; in A.

14. For any square matrix A of order n, we have

@) Aladjd) = (edjA)A= (AL (G |adjd| =4
Gii) |A(adj A)| = |AI". (i) |adj (adj A)| = |41,

(v) adj (kA) ="~ (adj A), for any scalar k.~ (vi) adj (adj 4) = |4]"~*A.

(vii) adj (A7) = (adj A)T.

ﬁned), we have

Fidss



Properties of Determinants

" If each element in a row (or column) of a determinant is zero, then the value of the determinant is

Zero.
the determinant is

. If any two rows (or columns) of a determinant are identical, then the value of

Zero.

. If any two rows (or columns) of a determinant are interchanged, then sign of the determinant

changes.
_ If each element of a row (or column) of a determinant is multiplied by a constant k, then its value

gets multiplied by &. In other words, we can take out any common factor from any row (or column)
of a determinant.

" If some or all elements of a row or column of a determinant are expressed as sum of two (or more)
terms, then the determinant can be expressed as sum of two (or more) determinants.

_ The value of the determinant remains same if we apply the operations,

R; = R; + kR; or C; — Ci+ij.




